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INEQUALITIES OF CRITICAL POINT THEORY1 


EVERETT PITCHER 
A purpose of critical point theory is the counting of critical points 
of functions. Principal theorems in the subject state in precise terms 
that topological complexity of the underlying space is reflected in 
the existence and nature of critical points of any smooth real-valued 
function defined on the space. 
The initial development of critical point theory is peculiarly the 
\vork of one man, :\larston l\1orse. Readers of the fundamental papers 
of 
Iorse, 2 particularly his Calculus of Variations in the Large [
I 
I 1], 
have found them difficult not only because of the intrinsic difficulties 
but for another reason. The work was done at a time \vhen the requi- 
site algebraic topology \vas not so adequately or systematically de- 
veloped as at present. As a consequence, a substantial part of his ex- 
position is concerned with proof of purely topological results in the 
special context of critical point theory. Thus part of his exposition 
deals \vith various aspects of the exactness of the homology sequence 
of a pair of spaces and part with the relation bet\veen deformations 
and the homomorphisms of homology theory. 
It \vill be supposed that the reader kno\vs a modest amount of 
homology theory, \vhich may be summarized in the statement that 
the axioms of Eilenberg and Steenrod [E-S1] are theorems in singular 
homology theory. 
In this paper an account is given of a specific problem in critical 
point theory, namely the problem of a smooth function on a Rie- 
mannian manifold. The form of statements is chosen in such fashion 
that they may be extended reasonably to a \\.ider class of problems. 
Thus this is intended simultaneously as an exposition of a particular 
useful case and a model. Critical points are defined locally and are 
classified locally in the neighborhood of separated sets of such points. 
Theorem 7.3 states that the local classification is possible, Corollary 
7.4 permits direct sum decomposition, and Theorem 10.2 details the 
computation for nondegenerate critical points. The end result of this 
The first part of an address delivered before the Kew York l\leeting of the Society, 
February 25, 1956, by invitation of the Committee to Select Hour Speakers for 
Eastern Sectionall\leetings; received by the editors August 9, 1957. 
1 Some of the work behind this paper was carried out while the writer was a fellow 
of the John Simon Guggenheim 1\lemorial Foundation. Some of the work was spon- 
sored by the 
ational Science Foundation, 
s See [l\I
I1] for references to the earlier papers. 
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portion of the exposition, which occupies the first eleven sections, is 
the ineq uali ties of 1\'lorse in Theorem 11.1. 
Certain desiderata not obtained in the lVlorse inequalities are de- 
scribed by example in 
12, and the related lines of development are 
discussed briefly. In particular, the need for integer coefficients in 
the homology groups is noted. The development of strengthened in- 
equalities is the subject of 

13 through 15. The method was sug- 
gested by an effort to reformulate for general coefficient groups the 
group theoretic formulation of the Morse inequalities, in [M1\/12] 
Theorem 8.7, which depends on the use of a field of coefficients. 
Attention is given to degenerate critical points and to the class of 
functions without degenerate critical points. There are inequalities 
which give the lo\ver bound of the number of critical points of a non- 
degenerate approximating function. 
The approach of Deheuvels [D 1] through spectral theory, which is 
of substantial interest, \vill not be discussed here. The reader who is 
interested in this point may wish to read the paper [DGBl] of Bour- 
gin. 


1 through 12 are an exposition of classical material, but 

13-15 
contain material previously unpublished except in abstract [PI, 2]. 
1. The space and the function. Suppose X is a compact n-dimen- 
sional Riemannian manifold of class C3 and f: X -'ÞR, where R is the 
real numbers, is a function of class C 3 . I t will be supposed that X is 
defined in terms of overlapping local coordinates, and (x) = (Xl, . . ., x n ) 
\vill be used for a typical set. The element of arc will be supposed 
given in local coordinates by 


ds 2 = g ijdxidx i 


\vith the usual convention that i, j are summed from 1 to nand \vith 
the understanding that the gij are functions of x of class C2, sym- 
metric in indices i and j, \vhich transform in the covariant manner 
(to which it will be unnecessary to refer formally again, so that the 
explicit statement of the well known concept can be omitted). 
The element of arc is used to define length of sufficiently smooth 
curves by integration. The greatest lower bound of lengths of curves 
joining two points is a metric on the space. I t is the topology of this 
metric which is used throughout. 
The gradient of f is the vector whose covariant com ponen ts are 
(fx i ). A point P is a critical point if the gradient of fat P is (0) and is 
an ordinary point otherwise. The set of critical points is closed. 
Pictorially, one may suppose that X is embedded in a euclidean 
space of suitable dimension m with f itself as the last coordinate Ym. 



195 8 ) 


INEQUALITIES OF CRITICAL POINT THEORY 


3 


One can surely do this by embedding X in a euclidean space of di- 
mension m -1 and then introducing f as the mth coordinate, though 
other embeddings may have the desired property also. Then the criti- 
cal points of I are the points \vhere the tangent plane to X is per- 
pendicular to the Ym-axis. Easy examples for illustrative purposes are 
furnished by two dimensional manifolds embedded in 3-space. 
Of the intuitively reasonable definitions of critical point of a smooth 
function, this is probably the most inclusive. In particular, there are 
points called critical \vhich are trivial in theorems on existence and 
number of critical points. For easy example, let X be the circle and 
8 an angular coordinate on it and let I be a function of class C3 taking 
on the value 8 3 for 8 near o. (The circle is used only because this is an 
exposition limited to compact manifolds.) Then the direct summand 
(Corollary 7.4) of the critical groups at level 0 (
7) associated with 
8 = 0 as a critical point is trivial. 
The critical points are the points neighboring \vhich there is no 
deformation of class Cl such that along the trajectory of each point 
in the deformation, I has a negative derivative with respect to the 
parameter ("time") of the deformation. 
The set of points P \vith f(P) = c \vill be called the points at the level 
c. The \vords level and value \vill be used interchangeably as con- 
venient. A level is critical if there is a critical point at the level and is 
ordinary other\vise. 
The set of critical levels of I is closed, and of course bounded by the 
absolute maximum and absolute minimum of I, which are themselves 
cri tical levels. 
The set (J' of critical points at the level c will be called the critical 
set at the level c. 
It is possible that the function I be not constant on a connected 
set of critical points. An example is given by \Vhitney in [\Vl]. A 
theorem of A. P. l\Iorse in [APl\Il] states that this cannot occur if I 
is of class Cn, \vhere n is the dimension of X. In preference to assump- 
tions that X and I are highly differentiable, it ,,'"ill be assumed that 
the critical levels of I are isolated. In consequence, I is constant on 
connected critical sets. 
The notations 


fa = {x I f(x) < a}, 
fao = {x I f(x) < a} 


"rill be used. 3 


3 The notation!: would be used by some in preference to!: but there is the nota- 
tional difficulty that A- is to be used for the closure of the set A. 
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2. The deformations 
 and r. The advantage to the particular 
problem under consideration as a model is the ease with which useful 
deformations 4 are constructed. The first is described in the following 
lemma. 


LEMMA 2.1. The space X admits a deformation 


Ä: X X [0, 1] 
 X 


with the properties that 
(a) The critical points of f are fixed under Il. 
(b) The function f on the path of any ordinary point under the de- 
formation 
 is a decreasing function. 
The deformation Il(P, .) is defined in local coordinates (x) In 
which P has the coordinates (xo) as the solution of the system 
dx' 
- = - giij:e i 
dt 


which satisfies the initial conditions 
xi(O) = x:. 


Here, as usual, gii is defined so that gikg ki = ð/ (the Kronecker delta) 
and the quantities (giij:z/) are the contravariant components of the 
gradient vector. The definition of 
 in terms of local coordinates is 
readily seen to be invariant. Along a trajectory under 
, one finds 
that 


df 
dt 


- f
igiij:z;i = - I grad f 1 2 


so that (a) and (b) of the lemma follow. 
I t should be remarked that the deformation Il in fact establishes a 
homeomorphism of X with itself in which (x) and Il(x, 1) correspond. 
However, this does not remain true in a larger class of problems for 
which the theorems of this paper might serve as model. Accordingly 
properties of 
 beyond those stated in Lemma 2.1 are not used except 
where specifically in trod uced in 
8. 
The deformation r is associated with a pair of levels, a <b, with 
the property that the interval [a, b) is free of critical levels. It is de- 
scribed in the following lemma. 


4. In 
3, the vocabulary of deformations is reviewed in preparation for more com- 
plex statements about deformations which are to follow. It may be read before 
2. 
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LEMMA 2.2. If [a, b) is free of critical levels, the subspacefb o admits a 
deformation 


r:fb O X [0,1] -+fb o 


such that 
(a) The points of fa remain on fa during the deforl1zation. 
(b) r(x, 1) Efa. 


One does in fact prove more, namely that points of fa are fixed and 
that along any trajectory f is a non increasing function, decreasing as 
long as the functional value exceeds a. Neither of these facts is used 
later, so they are not included in the lemma itself. 
The deformation r is defined as follows. Through each point of 
fb o - fa o , say (xo) in local coordinates, there is the solution of the 
differential equation 


dx i 


- KgiiJ:.:i/ ghkj:rfif:rJc, 


dt 
xi(O) = x
 


where K is a constant yet to be specified. Along any solution 


df 
- = - K. 
dt 


Each point (xo) of fb o - fa o is to be deformed along the solution initiat- 
ing at that point \vith K = f(xo) -a and will be at the level a \vhen 
t = 1. Points at level a remain fixed according to this definition and by 
further definition all points of fa are to be fixed under r. The defini- 
tion of r in terms of local coordinates is seen to be invariant. 


3. Vocabulary of deformations. In this section some remarks on 
the vocabulary of deformations are recorded for precision and easy 
reference. 
\Vith 


A:>C:)E 
U U U 
B:)D:>F 


as subsets of a space, one says that ô deforms (C, D) over (A, B) into 
(E, F) if 


ò: (C X [0, 1], D X [0, 1]) -+ (A, B) 
is a continuous function for which ôl CXO is the identity \vhile 
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ó(C X 1, D X 1) C (E, F). 


Empty sets may be suppressed in the notation, so that one may speak 
of deforming C over A into E. The statement that (C, D) is deformed 
over (C, D) into (E, F) is shortened to the statement that (C, D) is 
deformed into (E, F). The language is applied to collections of more 
than two sets in the obvious fashion. Thus the statement that (C, D) 
is deformed into (E, F) and that the trajectories of points of E and F 
lie on E and F respectively can be shortened to the statement that 
(C, D, E, F) is deformed into (E, F, E, F.) 
\\lith spaces A:JB and C:JD, two maps 
CÞo, cþl: (A, B) ---+ (C, D) 


are homotopic if there is a map 


cþ: (A X [0, 1], B X [0, 1]) ---+ (C, D) 


such that 


cþ(P, s) = CÞ8(P) s = 0, 1. 
The two pairs (A, B) and (C, D) are then said to be of the same 
homotopy type if there are maps 



: (A, B) ---+ (C, D) 


1J: (C, D) ---+ (A, B) 


for which 1]
 and 
1] are each homotopic to identity maps. Then 
 and 
1] are said to be homotopy inverses. The relation of belonging to the 
same homotopy type is transitive. The pair (A, B) is said to be of 
trivial homotopy type if it is of the same homotopy type as (B, B). 
If 


A:JB 
U U 
C:JD 
and if there is a deformation of (A, B, C, D) into (C, D, C, D) then 
(A, B) is of the same homotopy type as (C, D). 
4. Invariants of critical levels. Throughout this section it will be 
supposed that c is a level, which is either ordinary or critical, of spe- 
cial interest. Further it is supposed that a ' <c <b ' where the levels on 
[a', c) and (c, b ' ] are ordinary, and that a'<a, aI, a2 <c<b, b l , 
b 2 < b ' . 
THEOREM 4.1. The homotopy type of (fb, fa) is independent of (a, b) 
and the homotopy type is the same if fa or fb is rePlaced by fa 0 and fb 0 
respectively. The homotopy type is trivial if c is ordinary. 
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The use of the deformation LÌ shows that (!b O , fa) and (fb, fa O ) and 
(fb O , fa O ) have the same homotopy type as (fb, fa). 
Xo\\r suppose c is ordinary. Then the deformation .1, iterated suffi- 
ciently often, deforms (fb,fa) into (fa, fa). For there is a constant h>O 
such that gradf > h on fb-fa o . Thus LÌ deforms (fb, fa) onto (fb-h, fa) 
and need be repeated at most l+(b-a)/h times to deform (fb, fa) 
into (fa, fa). This proves the last statement of the theorem. 
Suppose 


(4. 1) 


al < a2 


b I < b 2 


then the inclusion map of (fb p fa) into (fb 2 , f a 2) admits a homotopy 
inverse. For, as just sho,vn, sufficient iteration of LÌ deforms (fb 2 ,1 a 2' 
fbI' fa 1) into (fbI' fa1' f"1' faI) since [bI, b 2 ] and [aI, a2] are free of critical 
levels. 
l\ o\v remove the restriction (4.1). One sets a = max (aI, a2) and 
b = max (bI, b 2 ) and applies the result of the previous paragraph to 
(fb., fa) and (fb, fa) "rith s = 1, 2. Since homotopy equivalence is 
transitive, the proof is complete. 
In the particular problem under discussion the topological type of 
(fb, fa) is independent of a, b, but this fact does not follow in more 
general problems for \vhich one might ".ish to use this problem as a 
model. 
The force of Theorem 4.1 is that invariants of homotopy type can 
be attached to critical levels. In the critical point theory of :\Iorse, 
it is the relations arising from the use of relative homology groups 
".hich are sought. 
The follo,ving special theorem is useful. 
THEORE:
I 4.2. If there is no critical level on [a, c), then the homotopy 
type of (fe 0 , fa) is tri
,ial. 
This is established through the use of the deformation r of 
2 
associated ,vith the levels a, c. 
5. Remarks on the homology theory. The developmen ts to be ex- 
plained in the foIlo\ving paragraphs will be made in terms of singular 
homology theory. In the work of 1\Iorse a field ,vas used for the coeffi- 
cient group. In this exposition, the coefficient group G ,viII be a prin- 
cipal ideal domain (see [Jl, I, 77 and 121 D. The cases of interest 
appear to be that G be a field or the integers. The integers are useful 
in the specific problem under discussion because they are a universal 
coefficient group. Their merits are brought out in 

12-15. 
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6. A deformation lemma. The following lemma is \vell known but 
no reference is at hand, so the proof is given. 


LEMMA 6.1. Suppose W:)Z:) Y:)A is a nest of spaces. Suppose 
there is a deformation ô of (W, Y, A) over (W, Z, A) 'lnto (Y, Y, A). 
Then in the sequence of inclusion maps 


(Y, A) 
 (Z, A) 
 (W, A) 
1, J 
the induced map j* 14Hk (Y, A) is an isomorphism onto Hk (W, A). 
For proof consider the diagram 


y(Í'/) 
(Z, A) -7 (VI, A) 
 (Z, A) 
 (lV, A) 
'l 'lÔ 1 J 


in which Ôl(P) = ô(P, 1). Consider the induced maps 
(iÔl)*: Hk(W, A) 
 Hk(Z, A), 
j* I i*H k ( Y, A): i*H k ( Y, A) 
 Hk(W, A). 
The map j*4Ôl* is the identity map on Hk(W, A) because jiÔl IS 
homotopic to the identity map. But 
j*i*Ôl* = (j* I i*Hk(Y, A))(i ô l)* 
so that j* 14H k ( Y, A) is a homomorphism onto !ik(W, A). Again, 
i*ôl*j* is the identity map on Hk(Z, A) because iÔlj is homotopic to 
the identity. Thus, cut down in domain and range to i*H k ( Y, A), it 
is still an identity map. Thus j*1 i*H k ( Y, A) is an isomorphism into 
Hk(W, A). The statement affirmed in the lemma follows. 
7. General considerations about critical groups. We con tin ue \vi th 
the situation of 
4 in which c is a level on which attention is focused 
and [a, c) and (c, b] are free from critical levels. The set of critical 
points at level c is denoted by (T. 
Following Theorem 4.1, the relative homology groups Hk(fb, fa; G) 
will be called the critical groups at the level c. The notation for the 
coefficient group G will usually be suppressed. For convenience in 
statement and proof specific representations or isomorphic copies of 
the critical groups will sometimes be used. 
Critical groups are discussed in this section and the next. In this 
section the emphasis is on the conclusions which can be drawn from 
Lemmas 2.1 and 2.2 (the latter through its single application in 
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Theorem 4.2) and general topological considerations. The properties 
considered in this section are capable of extension to a much \vider 
class of problems. 
On the one hand, the critical groups ,viII be shown to depend only 
on the function in an arbitrary neighborhood of the critical set. On 
the other hand, conditions wiII be considered under which the critical 
groups can be determined without the use of points at levels greater 
than or equal to c except for the points of (T. 
Two lemmas are needed. 


LEMMA 7.1. The homomorphism on Hk(fb, fa) to Hk(fb,fe O ) induced by 
inclusion is an isomorphism onto the latter. 
In proof one notes that the homology sequence of the triple 
(fb, feO, fa), namely 
. . . 
 Hk(fe O , fa) 
 Hk(!b, fa) 
 Hk(fb, fe O ) 
 Hk_I(/e O , fa) 
 . . . , 
is exact. But the pair fe o , fa is homotopically trivial by virtue of 
Theorem 4.2 so that its homology groups vanish. 
The force of Lemma 7.1 is to describe the injection under which 
the groups Hk(fb, fe O ) may be taken to represent the critical groups at the 
level c. 
LE:\I
IA 7.2. If U is an oþen set with (TC UCfb there is an open set V 
with uC 1 7 C U such that in the sequence of ntaps 


([CO U v, fe O ) --? ([cO U U, fe O ) -: ([b, fe O ) 
1, J 


the induced map 


j* I i*Hk(fe O U V, fe O ) 


is an isomorphisln onto Hk(fb, fe O ). 
Let VI denote a neighborhood of (T deformed over U by 
. Let e 
with c <e < b be such thatfe is deformed by 
 onto feOU VI. That VI ex- 
ists follo\vs from the fact that points of u are left fixed by ð. That e 
exists is seen as foUows. The set fen VI' is 'compact. Every point of 
fen VI' at level c is displaced by 
 so that on fen VI', maxf(ð.(., 1)) 
<c. Thus fen VI' has a neighborhood S ,vhich is deformed onto fe o . 
The union SU VI is an open set\vhich containsfe and therefore contains 
fe if e is sufficiently near c. 
Set 


v = feO n:Vl, 
and consider the diagram 


U I =feon U 
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(NV
cO) 
 (NU l UI,feO) 
 (fe, feO) 
i 
 hI Ih 2 
(fe O U U,fe O ) 7 (fb, feO) 
J 


in which all the maps are inclusions and which is commutative. First, 


fe -:J fe o U U 1 -:J fe O U V -:J feo. 
These sets ,vith the deformation ð. (cut down to fe) satisfy the 
hypotheses of Lemma 6.1. Consequently jl* I i1*Hk(feOU V, feO) is an 
isomorphism onto Hk(fe, feO). Further h2* is an isomorphism and 
h2*jl* =j*k 1 * so that j*h 1 *1 i1*Hk(feOU V, feO) is an isomorphism onto 
Hk (fb, fe 0). Thus 
j* I h 1 *i*l H k(fe O U V, feO) = j* I i*Hk(fe O U V, feO) 
is an isomorphism onto Hk(fb, fe O ) as required. 
A basic theorem is the following. 
THEOREM 7.3. If V is an open set with u C V Cfb there is an open set 
V with u C V C V such that in the sequence of inclusion maps 
(V,fe O n V) -? (U, fe o n U) -: (fb, feO) 
2 J 
the map j*14Hk(V, Vnfe O ) is an isomorphism onto the representative 
Hk(fb, fe 0) of the critical group in dimension k. 
For proof, let VI be an open set with uC U I and U 1 -C U and let 
VI with U 1 and the sequence of maps 
(fe 0 U V I, fe 0) -:-+ (fe 0 U U 1, fe 0) -:-+ (f b, fe 0) 
21 J I 


satisfy Lemma 7.2. Then the excision of fe on V' from the first two 
pairs of the sequence is admissible, so that in the sequence of inclusion 
maps 


((fe O n U) U V I,fe o n U) 
 ((fe o n U) U U I , fe o n U) -:-+ (fb, feO) 
22 J2 


the map j2*1 i 2 *II k ((fc on U)U VI, feon U) is an isomorphism onto 
Hk(fb, fe O ). If one factors j2 into the inclusion maps 


((fe O n U) U U 1, fe o n U) 7 (U, fe O n U) -? (fb, feO) 
23 J 


and sets V = (fcon V)U VI, whence feon V = feon V, one finds that 
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j*i3*ll,.2*H k ( V, feon V) is an isomorphism onto Hk(fb, fe O ). \Vith the 
observation that i3i2 =i, the theorem follo,vs readily. 
The force of Theorem 7 3 is that the critical groups at the level c 
are determined by the function f cut do,vn to any neighborhood of the 
critical set at the level o'. 
If 0' is the union of t\VO separated subsets 0'1 and 0'2, there is a 
neighborhood U of 0' "yhich is the union of t\VO disjoint neighborhoods 
U I of 0'1 and U 2 of 0'2. Associated \vith U in Theorem 7.2 is VC U 
\vhich is necessarily the union of neighborhoods 
"I and V 2 \\yith 
0'1 C VI C VI and 0'2 C 1 T 2 C U 2 . Let i l and i 2 denote the inclusion maps 
of VI and V 2 on U I and V 2 . Then the follo,ving corollary to Theorem 
7.3 holds. 


COROLLARY 7.4. 
Hk(fb,je) 
 i l *H k (V 1 , VI nje O ) + i 2 *H k (V 2 , V 2 nje O ). 
The direct sum is established by the injections induced by the in- 
clusion maps of U I and U 2 into U follo"yed by the inclusion j of 
Theorem 7.3. 
One no\v considers the exclusion from (fb, fe O ) of points at levels c 
and higher, except for the points of o'. 
One considers the possibility that the inclusion map of (fe, fe O ) into 
(fb, fe O ) may induce isomorphism 
Hk(fc, je O ) 
 Hk(jb,/e O ). 
Examination of the exact sequence of the triple (fL, fe, fe O ) sho\vs that 
this is the case if and only if Hk(f b , fe) = 0 for all k. It is clear in any 
event that the inclusion map of (feoUO', fe) into (fe, fe O ) induces iso- 
morphism of the corresponding homology groups, for ð. deforms 
(fe, fe OUO' , le O ) into (feOUO', fcoUO', fe O ). 
The critical set 0' \vill be called regularly situated if there is a neigh- 
borhood U of 0', say on fb, such that (U, Unfe) admits a deformation 
A over (fb, fe) into (fe, fe). 
THEORE
I 7.5. If 0' is regularly s'z"tuated, the inclusion map of 
(feouO', fe O ) into (fb, fe O ) induces isomorphism between the homology 
groups of (feoU(T, fe O ) and the critical groups at level c. 
The proof that (jb, fe) can be deformed into (fe, fe) ,viII not be given 
in detail. I t can be accomplished through use of LÌ and A. 
8. Special considerations about critical groups. The gradien t curves 
of f permit the definition of deformations \vith properties beyond 
those stated in Lemma 2.1. These will be exploited here to obtain a 
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localization of critical groups which is simpler than Theorem 7.1 and 
to obtain an instance of regularly situated critical sets. These theo- 
rems presumably do not admit such wide generalization as those of 
7. 
The notation 


ð(S, t) = {ð(X, t) I xES} 



.ill be used. 
Special properties of the deformation ß beyond those stated In 
Lemma 2.1 are the following. 
LEMMA 8.1. The deformation ß has the properties 
(a) ß(-, 1) is a homeomorphism on X to itself. 
(b) ß(ß(fe, 1), t)Cß([e, 1)foralle. 


Both properties follow from uniqueness properties of the solutions 
of ordinary differential equations. Property (a) is used only to imply 
ß( ., 1) is open. 
The following "single neighborhood" localization of the critical 
groups is now possible. The symbols a, c, b, u continue to be used as 
described at the beginning of 
 7. 
THEOREM 8.2. The critical set u has arbitrarily snzall neighbor hoods 
W Cfb with the property that the inclusion map 
i: (W, J;V n feO) 
 (fb, fe O ) 


induces maps i* which are isomorphisms onto the reþresentatives 
Hk(fb, fe O ) of the critical grouþs of the level c. 
Let U denote a neighborhood of q with UCfb. The neighborhood 
W is to lie on U. Suppose U I is a neighborhood of u with U1-C U. 
Suppose as in the proof of Lemma 7.2 that c<e<b and that fe is 
deformed by ß into fcoU U I . Let S=ß(fe O , 1). It is open by virtue of 
Len1ma 8.1. Under ß, points of (S, Snfe O ) are deformed over (S, 
Snfe O ), again by virtue of Lemma 8.1. Thus the inclusion 
i l : (S, S nfe O ) 
 (fe, feO) 


induces isomorphisms of the corresponding homology groups. Now 
the excision of sn U ' from (S, Snfe 0) is admissible. Let JV = sn U 
and 111ap (fe, fe O ) by inclusion into (fb, feO). Thus the inclusion 
i: (W, W n fe) 
 (Ib, Ie) 


induces isomorphism on the corresponding homology groups as re- 
quired. 
It is easy to prove Theorem 7.3 from Theorem 8.2 but the proof 
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\" ill not serve as a model in similar situations \vhere Theorem 7.3 is 
valid but presumably Theorem 8.2 is not. 
N ext the consideration of regularly situated critical sets is resumed. 
LEMMA 8.3. If the critical set q consists of isolated points the pair 
(fb, fe) is homotoPically trivial. 
For proof, a deformation B of (fb, fe) is defined as follo\vs. Under B, 
points of fe remain fixed. For 0 < t < 1 the point \vith local coordinates 
(xo) lying on fb-fe o is deformed into the point B(xo, t) at the point t 
on the solution of the system 
dx i Kgiijz;f 


-= 


dt ghkf
f
 
x'(O) = x
 
\vith K = f(xo) -c. Further, one defines 
B(xo, 1) = lim B(xo, t). 
t-+l 


The limit can be shown to exist because u is a finite set. The function 
B is seen to be continuous and to have the required properties. 
From Lemma 8.3 and either Theorem 7.5 or direct observation, the 
following theorem is deduced. 
THEORE:
I 8.4. If the critical set q consists of isolated points the inclu- 
sion 11'lap on (Ie oUu, fe 0) to (fb, fe 0) induces isomorPhism between the 
homology groups of (fe OUu, fe 0) and the critical groups at level c. 
By use of excision, the critical groups can be determined as the 
homology groups of the pair ((feOn U)Uu,fcon U) where U is a neigh- 
borhood of u. Further, taking U as the union of separated neighbor- 
hoods of the points of q shows that the critical groups can be \vritten 
as a direct sum \vith a summand Hk((feOn V)UP, feon V) for each 
point P of u, ,,,here V is a neighborhood of P. 
A specific instance of a connected set of degenerate critical points 
which is regularly situated is considered by Bott in [RBI]. 
9. Local representation of the function. Neighboring a critical 
poin t of f, there is a simple form for f in terms of any local coordinates. 
For convenience the development is restricted to coordinates in which 
the critical point is the origin. 
THEORE:\I 9.1. If P is a critical point off and (x) is a local coordinate 
system for which P = (0) then there are functions aij(x) of class C' such 
that 
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f(x) - f(O) = aij(x)xix i , 


aij(x) = aji(x), 


1 
aij(O) = - !xixi(O). 
2 


The functions aij are determined by expanding f by Taylor's 1'heo- 
rem ,vith integral form of the remainder in the terms of the second 
order. One finds 


f(x) - f(O) = f 1 f 8 
 f(tx)dtds 
o 0 dt 2 
= aij(x)xix i 


where 


ai;(x) = i 1 i 8fxi,!(tx)dtds 
= i 1 (1 - t)kAtx)dt. 


The required properties of the aij(x) follow. 
10. The nondegenerate critical point. Suppose that P is a critical 
point with local coordinates (xo). Then P is called a degenerate critical 
point if the determinant Ifxixi(XO) I = 0 and a nondegenerate critical 
point other\vise. This is an invariant condition as may be verified by 
direct computation or from the follo\\Ting discussion which relates 
the condition to the general background. 
Introduce temporarily the notation fi = fxi. For any covariant vec- 
tor (Ai), recall that the covariant derivative (Xi,j), given by Xi,j 
=Xij-Xhril, is a tensor which is covariant of order 2. Thus (fi,;) is 
a covariant tensor of order 2. But fi,; = fxixi at a critical point, so that 
the covariance of (fxixi(XO)) is established. The invariance of the van- 
ishing of the determinant follows since under a change of variable 
the matrix (fxixi(Xo)) is transformed by congruence. 
It is readily seen from use of the implicit function theorem that if 
(xo) is a nondegenerate critical point, it is isolated. 
The representation of f presented in Theorem 9.1 permits a simple 
representation of f neighboring a nondegenerate critical point. 
THEOREM 10.1. If P is a nondegenerate critical point there are local 
coordinates (y), related to admissible local coordinates (x) on X by a 
transformation of class C' with nonvanishing Jacobian, such that 
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n 
fey) - f(O) = L EiYi 2 
I 


E = + 1, Ei < Ei+l. 


One does not expect the coordinates (y) to belong to the admissible 
coordinates of the space X. Ho,,-ever they facilitate a computation. 
For proof, one uses the Lagrange reduction of a quadratic form 
,,-ith constant coefficients to diagonal form as a model. The method 
is sketched briefly. T,,'o kinds of transformations are used. The first 
kind is used if at least one of the numbers aii(O) 
O. One may suppose 
it is al1(O), for this n1ay be achieved by renaming variables. Then one 
sets 


ZI = alj(x):r 1 J I au(x) 11/2, 
zi = Xi, i > 2. 


Thus 


f(x) - f(O) = 7J(ZI)2 + Q(Z2, . . . , Zn), 


TJ = sgn aU(O) 


"here Q is a quadratic function in Z2, ' . . , zn ,,-ith coefficients \vhich 
are functions of Zl, . . . , zn. The second kind of transformation is 
used if all aii(O) =0. There is a number aij(O) 
O since the determinant 
I aiAO) I 
o. Suppose the fact \,-hich may be obtained by renaming 
variables that aI2(0) 
O. One then makes the preparatory change of 
variable 


Xl = U 1 - u 2 , 
X2 = u 1 + u 2 , 


Xi = U,i 


i > 2, 


to \vritej(x) - j(O) as a quadratic function in u 1 , . , un, ,,-ith coeffi- 
cients \,-hich are functions of (n), such that the coefficient of (U 1 )2 is 
not 0 at (u) = (0). Then the first kind of transformation is again 
available. 
By a succession of n transformations of the first kind, \vith re- 
naming of variables and the intervention of the transformation of 
the second kind \vhen necessary, f(x) - j(O) is ,,'ritten as a signed 
sum of squares. li final renaming of variables brings all minus signs 
together in an initial block so that the form required in the theorem 
is obtained. 
One verifies that the renaming of variables and the transformations 
of the first and second kind are all of class C' \vith nonvanishing 
Jacobian. 
The number of Eã<O in the representation of f in Theorem 10.1 
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is called the index of the critical point. The linear approximation to 
the transformation from variables (x) to variables (y) in Theorem 10.1 
changes aij(O)xix i into L
liYi2, so that the index defined in this way 
is seen to be the same as the classical index of the quadratic form 
aij(O)xix i ,vhich approximatesf(x) -f(O). In particular it is seen to be 
independen t of the choice of transformation. 
Theorem 8.4 and Theorem 10.1 permit the computation of the 
critical groups of a nondegenerate critical point (or of the direct 
summand contributed by a nondegenerate critical point). 
THEOREM 10.2. If P is a critical set consisting of a single nondegener- 
ate critical point, the groups Hk(fcOUP, fc O ) are trivial except in the 
dimension q which is the index of P; Hq(fcOUP, fc O ) =G. 
One computes Hq((fcOn U)UP, fcon U) where U is a neighborhood 
of P on \vhich the representation of f of Theorem 10.1 holds. One 
further restricts U for convenience to consist of the points (y) for 
which L
(yi)2 < h for suitably small positive h. T,vo subsets of U 
are distinguished, the set D where L
(yi)2 <h and yq+l = . . . = Yn 
= 0, and the subset Do "There 0 < L
 (yi) 2. Then the collection 
((icOn U)UP, fcon U, D, Do) is deformed into the collection (D, Do, 
D, Do) (with points of (D, Do) actually fixed during the deformation) 
as follows. The image of yl, . . . ,yn at time t, 0 < t < 1, is yl, . . . , yq, 
(l-t)yq+l, . . . , (l-t)yn. Thus the inclusion map on (D, Do) to 
((fcOn U)UP, fcon U) induces isomorphism of the corresponding ho- 
mology groups, whence the conclusion of the theorem follows. 
11. The inequalities of Morse. The inequalities of l\lorse, and 
similar inequalities which come from the use of coefficient groups 
which are not fields, can be obtained from the following observations 
about a module over a principal ideal donlain G. 
Associated with a free module F over G (i.e. a direct sum of copies 
of G) is the cardinal number of generators in an independent basis for 
F, called the rank of F and denoted by R [F]. A module Hover G 
is a group with operators from G (a useful exan1ple being an abelian 
group H with the usual operation by integers). The rank I?. [11] is 
defined as the maximum of numbers R [F] over free modules FCII. 
The usefulness of rank depends on the fact that if 0 is a homo- 
morphism of :il onto L with kernel K, as expressed in the exact 
sequence 


8 
O
 K 
 II 
 L
 0, 


then 
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R[H] = R[L] + R[K]. 


I t follows that if 


8 i 
. . . 
 Hi 
 H i-I 
 . . . 


is an exact sequence of finitely generated modules Hi over G, \vith 
image-kernel K. in Hi, then 


R[Hi] = R[Ki] + R[K i - I ]. 


Thus 


R[H i + l ] - R[Hi] + R[H i _ l ] = R[K i + l ] + R[K i - 2 ]. 


K o\V suppose the critical levels Ci of f are isolated and let ai be 
convenient constants which separate them, so that 
ao < CI < al < C2 < . . . < ai- I < Ci < ai < . . . < aN -I < CN < aN. 


To avoid the repeated use of double subscripts, letfa. = A i. In particu- 
lar ø =AoCA1C . . . CAN=X. The homomorphism sequence of the 
pair (A i, A i-I) is then 

* a* ß* 
. . . -+ H k (A i - 1 ) -+ Hk(A i ) -+ Hk(Ai, Ai-I) -+ Hk-I(A i - l ) -+ . . . 
. . . 
 Ho(A i - l ) -+ Ho(A.) -+ Bo(Ai, Ai-I) -+ 0 


\vhere 1'* and a'* are induced by inclusion maps and ß* is the boundary 
homomorphism. The notation for the coefficient group G has been 
suppressed. The sequence is an exact sequence of finitely generated 
modules 6 over G. The groups Hk(A i, A i-I) are the critical groups of 
the level Ci. 
The folIo,ving notations are introduced. 
Rk Î = R[Hk(A i )], 
),,!k i = R[Hk(Ai, Ai-I)], 
b k Î = Rlß*Hk+1(A i , Ai-I)], 
Rk = Rk N = R[Hk(X)], 


N 
lrl k = L b k Î , 
i=1 


N 
b k = L b k Î. 
i=1 


Ii In fact the pair (Ai, Ai-I) can be triangulated in this particular problem. The 
technique introduced in Lemma 13.1 does not require that the groups be finitely 
generated. 
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The inequalities of l\lorse are expressed in the following theorem. 
THEOREM 11.1. The inequalities 


M k > Rk 


k = 0, 1, . . . , 11 


and the ;inequalities 


M 0 > Ro, 
M I - M 0 > RI - Ro, 


M k - M k - I + . . . + (_1)kMo > Rk - R k - I + . . . + (-l)kR o , 


M n - M n-I + . . . + ( -1) n M 0 = Rn - Rn-l + . . . + (- 1) n Ro 


are valid. 
The proof consists of observing that the exact homology sequence 
on the pair (A i, A i-I) implies that 
R h i-l - Rh i + Mhi = b h i + b h i - I 
whence, summing on i, 


M h - Rh = b h + b h - 1 . 
This yields the first set of inequalities. Further, the signed sum on h 
between 0 and k is 


M k - M k-I + . . . + (- l)k M 0 = Rk - R k - 1 + . . . + (- l)k Ro + b k 
which yields the second set of inequalities. The equality for the case 
k = n can be obtained from the inequalities for k = n, n + 1 and the 
fact that Mn+1 = Rn+l =0. 
Observe that the right hand member of the equality is the Euler- 
Poincaré characteristic of X, multiplied by ( -l)n. Observe also that 
the second set of inequalities implies the first, but not conversely. 
The force of the inequalities of Morse lies in the fact that, with a 
fixed group G, the right hand members depend only on the space X, 
being combinations of Betti numbers with reference to the coefficient 
group G, while the left hand members depend only on the function f 
in arbitrary neighborhoods of the critical sets of f. If all critical points 
of fare nondegenerate, it follo\vs from Theorems 8.4 and 10.2 that 
M k is the cardinal number of critical points of f of index k. If f adn1Ìts 
degenerate critical points, Morse has shown, with G a field (see 
[1\1 M 1, Chapter VI] for the case of analytic functions and integers 
modulo 2 as the coefficients) that any function g with nondegenerate 
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critical points ,\-hich approximates f sufficiently closely has at least 
llIki critical points of index k near the critical set (]'i at level Ci, and 
no other critical points. He thus counts a critical set (]' i as the ideal 
equivalent of JIJr,i nondegenerate critical points of index k. A more 
precise statement of a stronger theorem ,viII be made in 
lS. 
12. Examples. This section is devoted to examples illustrating 
,,'hat the inequalities of :\.Iorse do not do. 
EXA'IPLE 1. The number L
 Rk does not provide a lo,ver bound 
to the cardinal number of critical points of f. For let X be the torus, 
represented by a rectangle \vith matched opposite edges in ,vhich one 
diagonal has been dra,,-n. Then f can be defined by class C3 so that 
it is 0 on the edges and the diagonal and no\vhere else, is positive and 
has an absolute nondegenerate maximum interior to one triangle, is 
negative and has a proper nondegenerate minimum interior to the 
other triangle, has a monkey saddle at the point represented by the 
four vertices, and no other critical points. Thusf has 3 critical points 
although Ro+ Rl + R2 = 4. The 
lorse inequalities do imply that every 
function on the torus \vhose critical points are nondegenerate has at 
least 4 critical points. 
This example \\-as taken from Lusternik and 5chnirelmann [L-5), 
,vhere an introduction to their use of category to supply a lo\ver bound 
to the cardinal number of critical points can be found. 
EXA
IPLE 2. There exist manifolds X ,,-hich admit no function f 
\vith nondegenerate critical points for \vhich 
1.-1 k = Rk, k = 0, 1, . . . ,n. 
The existence of such examples sho\vs the possibility of stronger 
inequalities for functions \vith nondegenerate critical points. 6 The 
requirement that the critical points of f be nondegenerate is essential, 
for the equality is sa
isfied for the constant functions on any mani- 
fold, \\.here there is one critical level and the entire space X is the 
cri tical set. 
Examples are of t,,-o kinds, depending on \\-hether the difficulty is 
approached through the fundamental group or through torsion. 
First, let X be a homology 3-sphere \vith d-fold universal covering 
by the 3-sphere S3, ,vhere 1 < d < 'X. The Poincaré "sphere," ,vhose 
description is re adily available in [5- Tl, Chapter IX], is such a 
6 This is a different statement from that of :\Iorse (see [:\11, 145]) that his in- 
equalities are the only ones which always hold between the numbers Jl 1 and R" alone. 
His statement means that any set of numbers AI" and Rk satisfying his inequalities 
can be realized by a region 
 and a function f on it satisfying appropriate boundary 
conditions. In our statement above, the space X is specified in advance. 
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space. Let f: X 
 R be a function on X with nondegenerate critical 
points. \Vith any admissible coefficient domain Ro = 1 = Rs and Rl = 0 
=R 2 ; it follows from Theorem 11.1 that ][0 > 1, .JI.l 1 > 0, 1'./2 > 0, 
}'Is > 1. The purpose of this example is to show that }.[l = 0 (or .JI.1 2 = 0) 
is impossible. To that end, let cþ: SS
X denote the covering map and 
set J = fcþ. Let Rk and M k refer to Betti numbers and numbers of 
critical points of S3, J. Since cþ is locally a homeomorphism. each in- 
verse of a critical point of f is a critical point of J of the same index, 
and J.;!k = dAf k . Further Ro = 1 = Rs and R 1 = 0 = R 2 . Thus 


dMo > 1, 


dM 1 - dM 0 > - 1. 


But d.i110 > d so that dlJl 1 > d-1 >0. Thus All > 1. Similar argument 
shows M 2 > 1 also. 
The critical point theory of a function on a space is in fact the 
critical point theory of the special class of functions on the universal 
covering space which are invariant under the action of the funda- 
mental group on the universal covering. The writer has developed 
such a theory, as yet unpublished. 
The second kind of difficulty which prevents the realization of 
equalities lvl k = Rk with a function whose critical points are non- 
degenerate will be described in more general terms. If X has torsion 
and Zp denotes the integers modulo p, then there are dimensions k 
and primes p and coefficient groups G for which Rk(Zp) > Rk(G). The 
group notation refers to the coefficient group used in the computa- 
tion. But lvf k is independent of the coefficient group, so that 
M k > Rk(G). One might suppose one could deal systematically with 
this problem through the use of integer coefficients followed by the 
universal coefficient theorem with appropriate primes p. In fact, the 
difficulty which is raised by torsion associated with different primes 
in different dimensions can be overcome for nondegenerate critical 
points by that approach (see 
14). But the similar issue relative to 
degenerate critical sets is more difficult, because there is also torsion 
associated with different primes for different critical levels in the 
same dimension. A direct attack on stronger inequalities in the theory 
based on a principal ideal domain of coefficients, with integers as 
the primary exam pIe, is desired and will be considered in the sections 
which follow. 
13. Skeleta. The difficulty with counting critical points and, in 
an idealized fashion, counting critical sets, lies in the fact that the 
chain groups are too large. This is overcome by the introduction of 
skeleta, which in application will be taken in the spirit of algebraic 
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minimal subcomplexes sufficient to describe the homology. Their 
definition and fundamental properties are undertaken here. 
The context of the definition and construction is a l\layer chain 
complex with associated subcomplexes and quotient complexes. See 
[K-P, 

1-3 and references to the papers of l\layer] or [E-S, Chapter 
V]. A 
[ayer chain co.mPlex {c, a} is a system of abelian groups (the 
chain groups) C r , r= -1,0,1, . . . ,with C-1=0, and a sequence of 
homomorphisms (the boundary operation) a r : Cr
Cr-l of order 2, 
that is, such that ar-lar = O. A subcomPlex {C', a'} C { c, a} is a chain 
complex {C', a'} for 'which C/ C C r and 7 a/ =ðrl C/j I C/'. The system 
{C, C', a} is then a chain pair. The quotient co.mplex {C / C', a / c' } 
has the chain groups C r / C/ and the boundary operator a / C' defined 
by (a/c')r(X) =ßrx+C r - l . Homology groups Hr(C) , chain maps 
(\vhich commute \vith boundary), induced maps, and the exact hom- 
ology sequence of a pair are defined as usual. 
The groups C r in {c, a} \,.ill be assumed to be modules over a 
coefficient group G \vhich is a principal ideal domain. Operation by 
elements of G commutes with the boundary operator. A principal 
case is the case that G is the integers. Another case of interest is the 
case that G is a field. The complex { C, ð} is free if the groups C r are 
free modules over G. 
A skeleton of a chain complex {c, a} is defined as a subcomplex 
{C', ð'} such that the inclusion maps ir: C/
Cr induce homomor- 
phisms i r *: Hr(C')
Hr(C) \vhich are isomorphisms onto Hr(C) for all 
r. It is free if the subcomplex is free. 'Vhere more convenient, the 
skeleton \\Till be regarded as mapped isomorphically in to the chain 
complex rather than as a subcomplex of the chain complex. 
The basic lemma states precisely ho\v to construct a skeleton of a 
complex from a skeleton of a subcomplex and a free skeleton of the 
quotient complex; the chain groups are direct sums in the respective 
dimensions and the boundary operation is consistent ''lith those of 
the subcomplex and quotient complex. The form chosen for the lemma 
is just strong enough for the use to be made of it here, since the proof 
is thereby made substantially easier. The requirements about free 
groups can be removed at the expense of introducing appropriate 
group extensions, and the chain groups overlying the homology 
groups can be removed at the expense of constructing appropriate 
substitutes. See [PI, 2]. 
LEM:\IA 13.1. Suppose 


7 If cþ: A
C, Be A, cþB C Dee, the function 1/;: B
D defined by "'(x} =cþ(x) 
s denoted by CÞIBIID. The shortened notation cþ/B=øIB\lCwill be used as required. 
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{ K J a K } C {C', a'} C {c, a}. 
k 


Suppose {K, ð K } is a skeleton for {C', ð'}, that is, that the homo- 
morphisms kr* are isomorphisms. Suppose {Q, ð Q } is a free skeleton of 
{CjC', ð/C'}, that is, that chain maps qr: Qr
CrjC/ on free modules 
Qr induce isomorphisms qr*. Let Lr = Kr + Qr, and let n r : Cr
Crj C/ 
and pr: Lr
Qr denote the natural homomorphisms. Then there are homo- 
morphisms h r : Lr
Cr for which 
(i) h r \ Kr = k n 
(ii) nrh r = qrPr, 
(iii) h r is an isomorphism into C r , 
(iv) ð r L = hr_l-lðrhr is defined and is of order 2, 
(v) hr* is an isomorphism onto Hr(C). 
The complex {L, ð L } under h is a skeleton of { C, ð}. 
The proof is in several steps. 
(a) If u r : Qr
Cn defined for each r, is any set of homomorphisms for 
which nru r = qr, then ðrUrX-Ur-lðrQxECr-l'. 
Suppose x E Qr. Then qrx = nrurx = urx + C/ and qr-lðr Qx 
= nr-lur-lðrQx + C r - 1 '. Further, qr-lðrQx = (ðjC')rqrx = (ðjC')rnrurx 
=ðrurx+C r - 1 '. Thus ðrurx+C r - 1 ' =ur-lðrQx+Cr-l' in C r - 1 jC r - 1 ', 
whence (a) follows. 
(b) There is a homomorphism v r : Qr
Cr for each r such that nrv r = qr 
and ðrVrX-Vr-lðrQxEKr-l. 
First, there is a set of homomorphisms U r : Qr
Cr satisfying the 
relation nrU r = qr because Qr is free and n r is a homomorphism onto 
C r / C/ for each r. The set v is constructed inductively on r by modi- 
fication of such a set u. The homomorphism V r is trivial if r = -1 (if 
one makes all chain groups trivial in dimension - 2 so that relations 
involving boundary are trivially satisfied, then no other special con- 
siderations are necessary in the first step of the induction). To pro- 
ceed with the induction, suppose that V r , r <s, and Un r > s, form a set 
of homomorphisms on Qr to C r such that nrw r = qr when W r = V r or U r 
and such that ðrvrx-vrðrQxEKr-l if r <So Of course (a) applies to W r 
for all r. 
The homomorphism V s is constructed for the elements of an inde- 
pendent basis of Qs. Let x be such an element and let tl =ðsusx 
-vs-1ðsQx. Then ðs-1lt= -ðs-lVs-lðsQx= -vs-2ðs-lQðsQx+t2=t2 where 
t2 by virtue of the inductive hypothesis is a chain (necessarily a cycle) 
of KS-2 and a boundary of C s - 2 '. Then t2 = ð s-lYl where Yl is a chain of 
KS-l because kS-2* is an isomorphism. Thus tl-Yl is a cycle of Cs-t' 
and, because kS-l* is an isomorphism, there are a cycle Y2 of KS-l 
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and a chain z of C/ such that 11-Yl=Y2+ð.z. Finally, ð.(u.x-z) 
-v.-lð. Q x=Y2+Yl. On setting v.x=u.x-z one finds n.v.x=n.u.x 
=q.x and ð.v.x-v.-tiJ.QxEK._ 1 . Xow v. is extended linearly over Q.. 
This completes the inductive step in the proof of (b). 
(c) The homomorphisms V r are isomorphisms into Cr. 
Since nrv r = qr is an isomorphism it follo\vs that V r is. 
(d) The homomorphism h r defined by hr(y, x) =y+vrx has the prop- 
erties (i)-(iv). 
First, hr(y, 0) = Y = kry so that (i) holds. Second, nrhr(y, x) 
=nr(y+vrx)=nrvrx=q,.x=qrPr(Y, x) so that (ii) holds. Third, if 
hr(y, x) = 0 then nrh,.x = 0 so that x = 0, and hr(y, 0) = kry = 0 so that 
y=O. Thus (iii) is verified. Fourth, ðrhr(y, x)=ðry+ðrvrx=ðry 
+vr-lðrQx+z=hr-l(ðr-lY+Z, ðrx), \vhere zEKr-l. Since h r is an iso- 
morphism, hr_l-lðrhr = ð r L is no\v \vell defined on Lr to Lr-l. Further 
ðr_lLðrL(y, x) = hr_2-1ðr_lðr(Y, x) = h r _ 2 - 1 0 = 0, so that ð r L is of order 2 
and h r _ 1 ð r L =ðrLh r . Thus (iv) holds and (d) is proved. 
(e) The hOll10morphism has the property (v). 
Statements (iii) and (iv) sho\v that the homomorphisms h r form 
a set of chain maps of the pair {L, K, ð L } to the pair {C, C', ð} 
which are isomorphisms into the groups Cr. Accordingly the diagram 
ð r + 1 . L Pr. 
. . . 
Hr+l(Q) ) Hr(K) --+ Hr(L) ---+ Hr(Q) ) Hr_l(K) --+ . . . 


! qr. 


! k r . 


! hr. 


!qr. 


! k r . 


. . . 
Ilr+l(C/C') --+ Hr(C') --+ Hr(C) ---+ Hr(C/C') --+ Hr_I(C') --+ . . . , 
ðr+l. nr* 


in which lines are the exact sequences of homology on the chain pair 
{L, K, ð L } and the chain pair {C, C', ð } , is a commutative diagram. 
The groups Qr have been identified \vith the factor groups Lr/ Kr, 
and the maps previously used in the proof have been labeled. Since 
qr* and kr* are isomorphisms onto their respective images for all r, 
it follo\ys from the five-lemma (see [E-S, p. 16]) that h,... is an iso- 
morphism onto Hr(C). Thus (e) is proved. 
Since h r is an isomorphism into C r and hr* an isomorphism onto 
Hr( C), the proof that {L, ð L } is a skeleton of {C, ð} is complete. 
The existence of certain especially useful skeleta is sho\\yn as fol- 
lo\vs. 
LE:\I
IA 13.2. Suppose the free chain comPlex {C, ð} has h01110logy 
groups H k ( C), k = 0, 1, . . . , such that H k ( C) has rank Pk and 1Jk torsion 
coefficients. Then {C, ð} has a skeleton {L, ð L } for which the chain 
group Lk has rank Pk+1Jk+1Jk-l. 
The group Hk(C) is the internal direct sum of a free module Sk 
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\"ith rank Pk and the submodule Tk of elements of finite order. (See 
[J1, II, Chapter III, 99].) The latter can be described by an exact 
seq uence 


^k JJ.k 
o ---+ F k ---+ Fk ---+ Tk ---+ 0 
in which Fk is a free module on 'Y}k generators. The number 'Y}k is the 
smallest number of cyclic submodules of which Tk is a direct sum. 
It is easily shown that the module Fk is the smallest which can be so 
used to describe Tk in the sense that if 11: A ---+ Tk is a homomorphism 
of a free module onto Tk and J.lk is factored through 11 according to the 
diagram 


A 
ý
 
Fk · Tk 
Pk 


so that J.lk = 117r, then 7r is an isomorphism in to A. This will be cited 
as the minimal property of (Fk, Àk, J.lk). Let 


Lk = Sk + Fk + F k - 1 


(external direct sum) 


and define 


Bk L : Lk ---+ L k - 1 


by 


BkL(X, y, z) = (0, ^k-lZ, 0). 
Then ih_lLð k L = 0 so that {L, i)L} is a free chain complex for which 
Lk has rank Pk+'Y}k+'Y}k-i. The group Sk+Fk is the group of k-cycles 
and the group ÀkFk is the group of k-boundaries. 
To make {L, i)L} a skeleton for {C, ð}, the imbedding must be 
defined. The group Sk is imbedded in the group Zk( C) of cycles of C 
by a homomorphism Ok' factoring the identity homomorphism of Sk 
through the natural homomorphism cþk on Zk( C) to H k ( C) as indicated 
in the diagram 


Of cþk 
Sk ---+ Zk(C) ---+ Sk + Tk = Hk(C). 


This is possible since cþk is a homomorphism onto Hk(C), and Ok' is an 
isomorphism into Zk( C) since cþkOk' is the identity on Sk. The group 
Fk is imbedded in Zk( C) by a homomorphism Ok" factoring J.lk through 
cþk so that cþkOk" = J.lk, as indicated in the diagram 
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Ok" CÞk 
Fk -:; Zk(C) -:; Sk + Tk = Hk(C). 


Again, this is possible because cþk is a map onto Hk(C), and (h" is an 
isomorphism into Zk(C) because of the minimal property of (F k , 'X k , J1k)' 
Further, the direct sum map 
Ok' + Ok": Sk + Fk -:; Zk(C) 
is an isomorphism into Zk( C) because <Þk(h'Sk and <Þk8 k " Fk lie in 
complementary direct summands of Hk(C). 
The group F k - 1 is imbedded in C k by a homomorphism (h'" \vhich 
factors Ok"ð k L / F k - 1 through the homomorphism ð k . In order to do 
this, one nlust kno,v that (h"ðkLFk_lCðCk=cþk_l-l(O). But 8k"ðkLFk_l 
= (h"}...k-1F k - l and cþk-lOk"'Xk-lFk-l = J.1.k-l'Xk-lFk-l = 0 as required. Thus 
Ok'" is ,yell defined and ð k 8k'" = Ok"ð k L / F k - 1 = (h"}...k-l. Since 'X k - l and 
Ok" are isomorphisms into the respective ranges, so is (h'''. Further, 
the direct sum Ok =(h' +Ok" +Ok'" is an isomorphism into C k , since 
Ok' +Ok" is an isomorphism into C k and ðkOkl (Sk + F k ) =0 ,,'hile 
ðkOkl F k - 1 =ðkO k '" is an isomorphism into C k - l . 
The imbedding of Lk in C k \vith the property ð k 8k = Ok_lðkL has been 
completed. It remains to sho\v (h* is an isomorphism onto IIk(C). 
To that end consider the commutative diagram 


Z k ( C) 
Î Ok' + Ok" 


cþk 


) Hk(C) = Sk + Tk 
Î Ok* 
) Hk(L) 


Sk + Fk = Zk(L) 


Ý/k 


in \vhich 1fk is the natural homomorphism 'with kernel ðk+lLLk+l 
= }...kF k . Since cþk(Ok' + (h") is onto H k ( C), so is ()k*. Since the kernel of 
cþk(()k' +Ok") is }...kFk and 1fk'XkFk = 0, it foIlovts that Ok* is an isomor- 
phism onto Hk(C), as required to complete the proof of the lemma. 
14. Strengthened inequalities of critical point theory. The situa- 
tion of 
11, \vith the same notation, ,viII be considered again. 
The singular chain complex {C(A i ), ð} \vith groups Ck(A i ) and 
boundary operator ðkl Ck(A i ) IlðCk-l(A i ), shortened to ð, is free and 
Ck(A i - l ) is a direct summand of Ck(A i ). Consequently, the relative 
homology groups Hk(A it A i-I) are the homology groups of a free 
complex. Let Rk i and 1/k i denote the rank and number of torsion 
coefficients of Hk(A it Ai-I). Then the quotient complex, \vith chain 
groups Ck(A i)/Ck(A i-I), admits a skeleton ,vith a basis of A1 ki 
=R k i+1/k i +1/k i - 1 generators according to Lemma 13.2. Set 



26 


EVERETT PITCHER 


[J anuary 


N 
M k = L Mk i. 
i=l 


Then Lemma 13.1 can be applied for i= 1, 2, . 
following theorem. 
THEOREM 14.1. The singular chain comPlex {C(X), ð} of the space 
X admits a skeleton {L, ð L } in which the groups Lk have rank M k . 
A sharper statement could have been developed. The idea of a 
skeleton of a chain com plex could be enlarged to the idea of a skeleton 
of a filtered chain complex, and in those terms, the statement made 
that {L, ð L } is a skeleton of {C(X), ð} filtered by the function f. 
(See [P2 ].) 
The strengthened inequalities relate the numbers Mk , the rank Rk 
of Hk(X) and the number 1Jk of torsion coefficients of Hk(X) (recall 
that 1]0 = 0 = 1Jn) as follows. 


N to yield the 


THEOREM 14.2. The inequalities 
M 0 > Ro, 
M 1 > R 1 +1]h 
M 2 > R 2 + 1]2 + 1] 1, 


M k > Rk + 1]k + 1]k-l, 


M n > Rn + 1]n-l 


and the inequalities 


M 0 > Ro, 
M 1 - Al o > RI - Ro + 1]1, 


M k - M k -l + . . . + (- l)k M 0 > Rk - R k - l + . . . + (- l)k Ro + 1]k, 


M n - M n-l + . . . + (-l)n M o = Rn - Rn-l + . . . + (-l)nRo, 


are valid. 
The boundary operator on L can be described by an incidence 
matrix between basis elements in dimensions h + 1 and h. (See 
[S-T1, Chapter III], and [J1, II, Ch. III, 

9, 10].) Let Ph denote 
its rank. Then 
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Af h = Rh + Ph + Ph-I. 
Since Ph > 'f}h, the first set of inequalities follo\vs. Taking signed sums 
on h for 0 < h < k and using Pk > 'f}k, the second set of inequalities fol- 
lo\vs. The equality in the last case follows from the inequalities for 
h=n and n+1. 
COROLLARY 14.3. If all critical points off are nondegenerate, the in- 
equalities of Theorem 14.2 hold with lr/ k computed as the cardinal num- 
ber of critical points of f of index k. 
Forrester and the \vriter, \vorking together, produced a prøof of 
the strengthened inequalities based on the universal coefficient theo- 
rem, \vhen the added assumption is made that all the critical points 
are nondegenerate. In outline it is as foIlo"ps. \Vith p a prime as yet 
unspecified, and \vith Z and Zp denoting integers and integers modulo 
p, the universal coefficient theorem states that 
Hh(X; Zp) = Hh(X; Z) ø Zp + Hh-I(X; Z) * Zp, 


"rhere the notation specifies coefficient groups and @ and * are tensor 
and torsion products. (See [E-S, Chapter \', particularly p. 161 ].) 
Suppose p divides 'f}k' of the T}k torsion coefficients of Hk(X; Z). Then 
it follo\vs that 


Rh(Zp) = Rh(Z) + T}h' + T}h-I' 


\vhere the group notation again refers to the coefficient group used. 
Then from Theorem 11.1 
M k - Jf k-I + . . . + (- l)k M 0 > Rk - R k - I + . . . + (- l)k Ro + TJk', 
Rh = Rh(Z). 


Letting p be a prime dividing the smallest torsion coefficient in dimen- 
sion k makes T}k' = 'f}k, leading to the second set of inequalities in 
Theorem 14.2 for integer coefficients under the additional assumption. 
This in turn, implies the first set. 
This proof, it must be emphasized, does not prove Theorem 14.2 
as it applies to functions \vith degenerate critical points. In using 
properties of a specific function to learn about the underlying space, 
one may be faced inescapably "rith degenerate critical points. 
15. Idealized critical sets and lower semi-continuity of },{k . The 
strengthened inequalities suggest that a critical set for "rhich the 
critical groups have rank rk and Sk torsion coefficients be regarded 
as equivalent to mk=rk+Sk+Sk-I nondegenerate critical points of 
index k. This point of vie\v \vill be justified as folIo\vs. 
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With a fixed manifold X of class C3 associate the admissible class 
of functions of class C3, each with only a finite number of critical 
levels. Introduce two metrics into the admissible class, defined as 


do(f, g) = max I f(P) - g(P) I , 
d I (!, g) = do(f, g) + max I grad (f(P) - g(P)) I . 


PEX 


Suppose u is the critical set of an admissible function! at level c, \vith 
rk and Sk as the rank and number of torsion coefficients of the critical 
group and mk =rk+Sk+Sk-l. If U is any neighborhood of u and g is 
any admissible function which is sufficiently near f in the metric d l 
and has only nondegenerate critical points, then it will be shown that 
g has at least mk critical points of index k in U. This is the required 
justification. Whether the statement remains true with d l replaced by 
do is not clear to the writer. 
I t will further be shown that in the metric do (and hence also in 
the metric d I ), the numbers M k of 
14 are lower semi-continuous func- 
tions on the class of admissible functions. 
Suppose first that 


a = ao < Co < al < . . . < ai-I < Ci < ai < . . . < aN-I < CN < aN = ß 


where a and ß are ordinary levels of J and Ci is the only critical level 
of f on [ai-I, ad. The notation Jai=A i will be continued. The exact 
homology sequences on the triples (A i, A i-I, A 0) admit analysis 
similar to that applied in 
14. Let T}k i(f) and T}k(f; a, ß) denote the 
number of torsion coefficients of I-Ik(A i, A i-I) and Hk(fß, fa) respec- 
tively and let 
R k (!; a, ß) = R[Hk(fß, fa)], 
Mk i(f) = R[Hk(Ai, Ai-I)] + 1/k i (f) + 1/k i - I (f), 


N 
Mk (f; a, ß) = L Mki(f). 
i=O 


Then the following theorem holds. 
THEOREM 15.1. The inequalities oj Theorem 14.2 are valid when 
M h' R h and T}h are rePlaced by Afh (f; a, ß), Rh(f; a, ß), T}h(f; a, ß). 
Suppose now that a<c<b with c the only critical level of J on 
[a, b] and let u denote the critical set at level c. 
LEMMA 15.2. Corresponding to an open set U with u C U Cfb, there 
is a number E > 0 such that iJ dI(j, g) < E, every critical point of g on 
fbnJa 0' is on u. 
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This follo\vs from the fact that I grad fl is bounded from 0 on 
fbnfaf)'n U f . 
LE:
I)IA 15.3. If do(f, g) <h=min (b-c, c-a)/4 and a+h<a' <c 
-2h, c+2h <ß' <b-h thenfaOCga,OCgfJ'Cfb. The nU1nbers .A1 k (g; a',ß') 
satisfy the inequalities Jlk (g; a', ß') > Jfk (f; a, b). If all critical points of 
g are nondegenerate, and a' and ß' are ordinary levels of g, then the cardi- 
nal nU1nber of critical points of g of index k at levels between a' and ß' 
is at least Jl k (f; a, b). 
In fact, \vith d=c-h and e=c+h the inclusions faCga,Cfd and 
feCg{J' Cfb are clear. Then the sequence of inclusion maps 


(fe, fa) 
 (gfJ" ga') 
 (fb, fd) 


ind uces homomorphisms 


HkCfe, fa) 
 Hk(gfJ" ga') 
 Hk(fb, fd) 


for \vhich the composite homomorphisms is the identity according to 
Theorem 4.1. Thus the critical group of (J' in dimension k is a direct 
summand of Hk(gfJ', ga'). The weaker inequalities of Theorem 15.1 
apply to the function g on the interval [a', ß'], \vhence the truth of 
the lemma. 
The first statement in Lemma 15.3 implies the follo,ving theorem, 
in which the notation J.,[k is that of section 14. 
THEoRE),1 15.4. The numbers 11k are lower semi-continuous functions 
on the class of admissible functions in the metric do. 
Since do(f, g) < dI(j, g), Lemmas 15.2 and 15.3 can be combined 
to yield the follo,ving theorem. It is supposed that a <f(x) <ß on X. 
THEORE)! 15.5. Corresponding to open sets U i of the critical sets (j i of 
f, there is a number E> 0 such that if dI(f, g) < f and all the critical points 
of g are nondegenerate, then g has at least M 
 (f) critical points of index 
k in Ui. and no critical points outside the neighborhoods U i . 
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THE OCTOBER MEETING IN WASHINGTON 


The five hundred thirty-eighth meeting of the American l\Iathe- 
matical Society ".as held at the N" ational Bureau of Standards in 
\Yashington, D. C., on Saturday, October 26, 1957. The meeting 
was attended by about 205 persons, including 155 members of the 
Society. 
By invitation of the Committee to Select Hour Speakers for East- 
ern Sectional \leetings Professor \V. H. Gottschalk of the University 
of Pennsylvania delivered an address entitled l.linimal sets: A n intro- 
duction to topological dynamics at a general session presided over by 
Professor Sam uel Eilen berg. 
Sessions for contributed papers "Tere held in the morning and after- 
noon, presided over by Drs. L. \V. Cohen, Philip Davis, Arthur 
Grad, \V. H. Pell, and Professor R. A. Good. Abstracts of the con- 
tributed papers "'ill appear in the February, 1958 issue of the Notices 
of the Society. 


R. D. SCHAFER 
A ssociate Secretary 
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Mathematical logic. By R. L. Goodstein. Leicester, Leicester U niver- 
sity Press, 1957. 8+104 pp. 21s. 
In the preface, the author states that his aim is "to introduce teach- 
ers of mathematics to some of the remarkable results. . . in mathe- 
matical logic during the past twenty-five years." He goes on to say 
that the book is designed for mathematicians 'with little or no previ- 
ous knowledge of symbolic logic and is largely self contained in that 
proofs of major results are given in detail. He concludes" a great many 
different facets of the subject have been briefly sketched, but rigour 
has not been intentionally sacrificed for ease of reading." 
This short book covers a wide range of topics. In the Introduction 
(10 pp.) the Frege-Russell definition of number serves both as an 
illustration of a representative concern of logic and as an opportunity 
for introducing the reader to customary logical notations. The nec- 
essity of the class concept in treating cardinal numbers is indicated. 
The formalistic calculus-of-numerals approach to number theory is 
also discussed, and the observation is made that it is different in level 
rather than correctness. 
Chapter I (17 pp.) on sentence calculus begins with truth-table 
validity. The author's use of numerical representing functions at this 
point is engaging and instructive. The Russell-Whitehead axiomatiza- 
tion is then described and a deduction theorem outlined. Completeness 
(not proved), consistency, independence (proved for one axion1), 
three-valued logic, bracket-free notation (with Lukasiewicz's axioms) 
are discussed, a natural inference formulation is set forth and asserted 
to be complete. The Heyting intuitionist system is given. 
Chapter II (16 pp.) on (lower) predicate calculus, gives both an 
axiolnatic formulation with deduction theorem and Quine's natural 
inference formulation. Validity, satisfiability, and decision for finite 
domains and monadic calculus are presented. The Gödel complete- 
ness theorem is reached through Henkin's proof of the Skolem- 
Löwenheim theorem. 
Chapter III (29 pp.) on number theory presents first the Hilbert- 
Bernays system Z and then R. Robinson's finitely axiomatizable 
subsystem Zf. The theory of primitive recursive functions is briefly 
developed and use of the Chinese remainder theorem in shov:ing 
primitive recursive functions to be arithmetical is outlined. (Numeral- 
v,rise expressibility is stated but not proved.) More general kinds of 
recursion are described, and reductions to primitive recursion from 
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course-of-values, parameter and simultaneous recursion are shown. 
General ordinal recursion is qualitatively described and the normal 
form announced by 
Iyhill is asserted. A calculus of lambda-conver- 
sion (Church) is described. Finally 10 pp. are devoted to the develop- 
ment of a new version of a (no quantifiers) recursive arithmetic due 
to the author and to Curry. From certain sinlple inductive "equaliz- 
ing" rules, together with defining equations for + and X, many arith- 
metic results, including nullity of each representing function of a 
tautology, are derivable. 
In Chapter IV (16 pp.) on incompleteness of arithmetic, Gödel's 
original incompleteness proof is traced through in outline and then 
his second incompleteness theorem on consistency is briefly discussed. 
Skolem's non-standard model for recursive arithmetic is presented. 
Unsolvabilityof decision-\vith-respect-to-provability for Z, is obtained 
via an outline of the elegent I\Iosto\vski-Robinson-Tarski method. 
The key step of numerahvise expressibility of recursive functions is 
assumed. Unsolvability for Z and for predicate calculus are then de- 
duced. 
The final Chapter \1 (9 pp.) on extended predicate calculus leads 
from the Russell paradox through an outline description of Quine's 
system of }.Iathematical Logic, and concludes \vith a brief but good 
discussion of Cantor's theorem versus the Skolem-Lö\venheim theo- 
rem (the Skolem "paradox"). 
Four pages of notes and bibliography are appended. 
As quoted above, the book aims to fill, in a fairly orthodox \vay, 
the notorious summary-for-the-general-mathematician gap in present 
elementary logic texts. The selection of topics is on the \vhole excel- 
lent-as good as in any comparable volume. The revie,ver further- 
more approves in principle of the author's attempt to communicate 
by ,yell-chosen example rather than exhaustive catalogue. Success in 
such an enterprise requires care and a sure expository touch. On 
various occasions the author exhibits these to an admirable degree. 
His summary discussions on the Heyting calculus, the Skolem "para- 
dox,>> and in the Introduction are excellent. He is also impressively 
good at presenting summary proofs of certain combinatorial results- 
the expressibility of primitive recursive functions via the remainder 
theorem, properties of the Skolem non-standard model, and the 
lemmas on primitive recursive functions, 
Unfortunately the book has faults that prevent the revie,ver from 
giving it his full approval. Perhaps the most serious defect is a failure 
to exercise proper care in presenting the logistic method to a ne\\T 
reader. Unhappily this fault goes rather deeper than mere neglect 
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of the use-mention distinction. Object-variables and meta-variables 
are introduced and then confused in an irregular way. Similarly (and 
in consequence) notions of axiom and axiom schema become con- 
fused. The author himself falls victim to this when he sets up \vhat 
appears to be a predicate calculus with infinitely many axioms (there 
is no predicate substitution rule) and then on several later occasions 
(both Gödel theorem proofs) assumes finite axiomatization. Style of 
notation also varies from section to section without warning; Greek 
letters are number and function variables in IV, are meta-variables 
in presentation of both Quine systems. Semi-technical terms, e.g. 
"conjunction" and "classification index of signs" are occasionally in- 
troduced without definition. 
The reviewer has the follo\ving further comments. 
Chapter 1. Statement of the deduction theorem is erroneous, since 
no restriction is made on substitution in hypotheses; validity and 
provability are confused in the alleged proof, so also (as on other oc- 
casions) are object- and meta-variables. In the natural inference 
formulation, the system is not complete as asserted (no negated 
formula is provable); furthermore rules for handling multiple ante- 
cedents and succedents are omitted: in the presence of a good illus- 
tration this latter is forgivable, but the omission should be acknowl- 
edged. 
Chapter I I. The substitution rule for sentence variables is incom- 
patible with the definition of formula. The deduction theorem again 
omits a restriction on substitution for sentence variables (though one 
is made on individual variables). Simultaneous satisfiability is not 
defined for Henkin's proof, and in corollary G 6 validity and satisfi- 
ability are confused. 
Chapter III. Axiom S3 should either be omitted from Z, or the 
appropriate additional unicity axioms should be made explicit in Zj; 
to speak of replacement of S3 by S: is misleading. Transcription from 
Church of rule C 1 for lambda-conversion is erroneous. The axiomatic 
basis for the recursive arithmetic is not made plain: if, as asserted, 
our theory has defining equations for all recursive functions, then 
it is no longer recursively enumerable; and it is not clear from the 
words "we notice the schema. . . " whether the induction schema is 
axiomatic or being asserted to be a derived rule. The treatment of 
recursive functions is open to two criticisms: (1) the class of general 
recursive functions and its role in foundations are not given suffi- 
ciently distinct expository emphasis, and (2) the ordinal normal form 
for recursive functions announced by Myhill is asserted (\vith a key 
typographical error-put "f("((x))" for ""((x)") without direct refer- 
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ence or authority. The revie,ver kno\vs of no published proof of this 
result,-and believes that in such circumstances, even in an .elemen- 
tary text, appropriate authority (e.g. "correspondence") or qualifi- 
cation should be indicated. Indeed the reviewer ,vould \vish for more 
complete and specific references in general in a \vork where so much 
is asserted \\"ithout proof. 
Chapter IV. The discussion of the second incompleteness theorem 
is erroneous: t\\'O statements of the forms "'(for all x) [x not proof of 
f]' is provable" and "(for all x) ['x not proof of f' is provable]" are 
confused. The latter, asserted to be unprovable in Z, can be proved 
rather simply in Z by considering the alternative cases that Z be 
consistent or inconsistent. In introducing the proof of Tarski et aI., 
"validity" is used, without definition, in their sense (= provability) 
rather than in any sense previously explained by the author. 
Chapter V. The syntactical role of abstraction is not clear. Con- 
textual definition should be earlier and more complete. Definition 
and use of "y(x)" on p. 9S is inconsistent; the definition is appropriate 
to a function but not to a general relation. 
A final comment. The revie,ver ,vould have preferred that indication 
be given of logic-algebra and general recursive function theory as 
t\\"O of the most active research areas in foundations today, though 
the author might reasonably maintain that this is beyond his an- 
nounced historical aims. 
Among the less trivial typographical errors: 
p. 4S, "Sx" for "x" in last t,vo occurrences in 1. 16; 
p. 67, 1. lOb, "sentence calculus" for "predicate calculus"; 
p. 69, II. 5-6, "P = Q" for "G = 0" and" F= G" for "G": 
p. 95, 1. 13, "
,, for "&". 


HARTLEY ROGERS, JR. 


Geometric algebra. By E. Artin. X ew York, Interscience Publishers, 
Inc., 1957. 10+214 pp. $6.00. 
\Yhen Hilbert's Grundlagen der Geometrie and other texts on the 
foundations of geometry appeared around the turn of the centur}, 
the approach was almost purely geometric. It is typical of the de- 
velopment of mathematics in the intervening years that, in this latest 
book on geometry, the approach is almost entirely algebraic. 
In the preface the author states that his aim is to offer a text 
(based on lecture notes of a course he has given at X ew York U ni- 
versity) \vhich \vould be of a geometric nature yet distinct from a 
course in linear algebra, topology, differential geometry, or algebraic 
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geometry. This aim then accounts for the several different topics dis- 
cussed in the book. For the studen t whose knowledge of modern alge- 
bra is meagre, the first chapter offers a compilation of algebraic theo- 
rems (and their proofs) which he is most likely to need. In particular, 
a thorough discussion is given of the "pairing" of a left vector space 
Wand a right vector space V over a (not necessarily commutative) 
field k which is given by a product (that is, bilinear form) ABEk for 
all AEW and BE V. 
Chapter II is devoted to affine and projective geometry. Here the 
approach is the following: given a plane geometry \vhose objects are 
points and lines, and where certain axioms of a geometric nature are 
assumed true, is it then possible to find a field k such that the points 
of the given geometry can be described by coordinates from k and 
the lines by linear equations? The author chooses four axioms and 
then sets about constructing the field. In so doing he has a chance to 
study the group of dilatations and its invariant subgroup, the group 
of translations. Then it is shown that the set k of all trace preserving 
homomorphisms is a field. (Hilbert's theorem that the field k is com- 
mutative if and only if Pappus' theorem holds is later proved.) Co- 
ordinates are in trod uced by use of a fixed point and two translations 
with different traces. This particular axiomatic study of affine geom- 
etry was previously given in the author's paper, Coordinates in affine 
geometry, Notre Dame, 1940. 
N" ext the converse problem is attacked, in that a field k is given 
and an affine geometry is constructed. The fourth axiom, in the pres- 
ence of the other three, is eq uivalen t to Desargues' theorem in the 
plane. Thus the geometry which has been considered is Desarguian 
geometry. Actually, non-Desarguian planes are not discussed in the 
book but references to literature on the subject are given. 
The fundamental theorem on ordered geometries is proved: an 
ordering of a plane geometry induces canonically a weak ordering of 
the field k, and conversely. Archimedean ordering of a Desarguian 
plane is discussed brieft y and, in particular, it is noted that in an 
archimedean plane the theorerrl of Pappus holds. 
The chapter concludes with a discussion of projective spaces; in 
particular, the fundamental theorem of projective geometry is proved. 
Axioms for projective geometry in a plane are given and some men- 
tion is made of axioms needed if the dimension of the space is greater 
than 2. 
Sym plectic and orthogonal geometry are discussed in Chapter I I I. 
Here one is dealing with a vector space V of finite dimension over a 
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commutative field k. A product X YEk is said to define a metric 
structure on V, and gives a pairing of V and V into k. Assume that 
AB =0 (orthogonality) implies BA =0. It is sho\\rn that two cases 
arise: (1) symplectic geometry, where it is postulated that X2=O for 
all X E V, \vhich is, of course, equivalent to the study of skew sym- 
metric bilinear forms; (2) orthogonal geometry, where X Y = YX for 
all X. YE V which, if the characteristic of k is different from 2, is 
equivalent to the study of quadratic forms. A section is devoted to 
features common to symplectic and orthogonal geometry; notably, 
\Vitt's theorem is proved. Then each geometry is studied separately. 
Geometries over finite fields and orthogonal geometry over an ordered 
field are also discussed. 
Chapter IV, devoted to the general linear group, can be read as a 
unit separate from the rest of the book if the student's kno\vledge 
of algebra is sufficient. The author first gives Dieudonné's extension 
of the theory of determinants to noncom mutative fields. He then 
uses this idea in studying the structure of the general linear group 
and its subgroup, the unimodular group. Special attention is paid to 
the case ,vhere k is finite. 
In Chapter V the structure of the symplectic and orthogonal groups 
is studied. The discussion of the symplectic group is straightforward. 
Ho\\
ever, since the structure of the orthogonal group is a problem 
,,,hose solution is only partly kno"rn, the presentation here leads to 
a study of some special topics: the orthogonal group of euclidean 
space (except for dimension 4, \vhich is treated separately later in 
the chapter), elliptic spaces, the Clifford algebra, and the spinorial 
norm. \Vith the mention of many unsolved problems, many conjec- 
tures, and some known counter examples, this last chapter should 
prove very stimulating to the stud en t. 
The text is very well printed and the exposition is clear. The author 
makes every effort to encourage the reader by pointing out to him the 
easier parts of the book and by suggesting spots he may skip on a 
first reading. The text contains a number of exercises. 
The beginning graduate student, or very advanced undergraduate, 
\vill find this book an admirable introduction to material \vhich is 
treated from a more advanced point of vie,v and more extensively in 
Baer's Linear Algebra and Projective Geometry and Dieudonné's La 
géométrie des groupes classiques. ì\lathematicians ,viII find on many 
pages ample evidence of the author's ability to penetrate a subject 
and to present material in a particularly elegant manner. 
ALICE T. SCHAFER 
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Geometric integration Theory by Hassler Whitney. Princeton, Prince- 
ton University Press, 1957. 15+387 pp. $8.50. 
This book deals mainly with the following problem connecting alge- 
braic topology with analysis and differential geometry: Characterize 
those cochains which, together with their coboundaries, can be ob- 
tained by the integration of differential forms. 
Here is one answer (Chapter IX, Theorem 5A) to this question, 
\vhich impresses me as the most interesting theorem in the book. 
(This theorem \vas first proved in the 1948 Harvard Ph.D. thesis of 
the author's student J. H. \Volfe.) Consider all real valued r dimen- 
sional cochains X which are defined on the finite rectilinear simplicial 
chains in an open subset R of Euclidean n-space, and for which there 
exists a real number M such that if u is any r dimensional simplex in 
R, then I X(u) I does not exceed AI times the r dimensional measure 
of the point set spanned by u; define the norm I X I as the least such 
number AI. If both X and its r+ 1 dimensional coboundary dX have 
finite norm, then X and dX can be computed by Lebesgue integration 
of bounded and measurable rand r+ 1 dimensional differential forms, 
defined almost everywhere in R, and almost everywhere in each r 
and r+ 1 dimensional simplex in R respectively. 
This theorem is a generalization of Rademacher's classical result 
asserting the differentiability almost everywhere of a function satisfy- 
ing a Lipschitz condition. In fact, if r = 0 and R is convex, then X is a 
real valued function, I xl is the supremum of X, and I dXI is the best 
Lipschitz constant for X. The proof of the present general theorem 
adds significant new features to the classical argument. From the 
finiteness of I X I and \ dX I it follows that X is alternating, and that 
X is additive with respect to subdivision. Hence the classical theory 
of finitely additive set functions implies that in each r dimensional 
plane the cochain X is the indefinite integral of its bounded measura- 
ble derivative with respect to r dimensional measure. The main diffi- 
culty is to show that this derivative depends continuously and even 
linearly, in the sense of Grassmann algebra, on the directions of all 
the r dimensional planes through a point. The proof of continuity uses 
the finiteness of I xl and I dX\ to show that X has nearby values on 
the bottom simplex and the (not necessarily parallel) top sin1plex of 
a simplicial prism of small height. The proof of linearity uses the 
finiteness of \ dX I to verify the conditions of a known algebraic cri- 
terion for the multilinearity of a homogeneous alternating function. 
Attaching to each cochain X of the above type the new "flat" norm 
\ X IÞ = sup { I X I , I dX I } 
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one obtains a Banach space in "rhich the coboundary operator is con- 
tinuous. The resulting cohomology spaces are isomorphic \vith the 
usual cohomology groups of the open set R \vith real coefficients. This 
isomorphism is established explicitly, follo,ving the classical approach 
of de Rham, and ,vithout use of the general theory of Leray and H. 
Cartan. Cochains of finite flat norm are studied also, \vith similar 
results, for the case in \vhich R is any Euclidean polyhedron. 
The space of cochains of finite flat norm is sho\vn to possess a 
unique suitable product, bounded with respect to the flat norm. This 
product corresponds to Grassmann multiplication of representative 
differential forms, and is distinct from the ordinary simplicial cup 
product. Of course the resulting cohomology ring is isomorphic with 
the usual ring, as a consequence of \vell known uniqueness theorems. 
Since cochains are linear operators on chains, it is natural to seek to 
represent the Banach space of cochains of finite flat norm as the con- 
jugate space of a suitably normed vector space of chains. The author's 
explicit solution of this problem may be thought of in terms of the 
follo,ving general situation: 
Let V be a normed real vector space \vith conjugate space V*, and 
norm VX V and V* X V* by 
1 (x, y) 1 = I x I + 1 y 1 for x, y E V, 
I (
, 1]) I = sup { I 
 I , 11] I } for 
, 1] E V*, 


so that V* X V* acts as conjugate space of VX V through the pairing 
(
, 1])' (x, y) = 
(x) + 1](Y) for x, y E V and 
, 1] E V*. 


Suppose T: V
 V is a closed (but not necessarily continuous) linear 
transformation \vith the conjugate T*. [Observe that 
T = {(x, y) 1 T(x) - y = o} 


is a closed subset of VX V if and only if T is the annihilator of its 
o,vn annihilator 


u = {(
, 1]) I 
 + T*(1]) = O} 


in V* X V*, and also if and only if the domain of T* has a trivial 
annihilator in V.] The linear transformation 


f: TTX v
 V, f (x, y) = T(x) -y for x, y E V, 


,vhose kernel is T, induces a ne,v norm on TT defined by 


I a I' = inf 
f(x, II) = a 


l (x, y) 1 = inf (I x I + 1 T( x) - a I ) for a E V. 
xEV 
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Then f* maps the ne\v conjugate space of V isometrically onto U, 
which is in turn isometric to the domain of T* with the new norm 


I 1] I' = sup { I 1] I , I T*(1]) I } for 1] E domain T*. 


In this \vay the domain of T* becomes the conjugate space of V, with 
new norms but \vith the old pairing; furthermore T becomes con- 
tinuous. 
In the present instance let V be the vector space obtained from the 
alternating finite simplicial chains in the open set R, with real coeffi- 
cients, by identifying chains with their subdivisions and by neglect- 
ing degenerate chains. Every element of V, called a "polyhedral 
chain," may be represented as a finite linear combination of nonover- 
lapping nondegenerate simplexes with real coefficients. If x is an r 
dimensional polyhedral chain so represented, then I xl equals the 
sum of the r dimensional measures of the point sets spanned by the 
simplexes, each multiplied by the absolute value of its coefficient. 
Then V* consists of all alternating cochains X which are additive 
with respect to subdivision and for which I X I is finite. Let T be the 
boundary operator ð of V. Then T* is the restriction of the cobound- 
ary operator d to the set of those cochains X for which I X I Þ is finite. 
Clearly the domain of T* has a trivial annihilator in V. It follows 
that the space of cochains of finite flat norm is the conjugate space 
of the space V of polyhedral chains with respect to the "flat" norm 
defined by 


I a I Þ = inf (I x I + I ax - a I ) for a E V. 
xEV 


The completion of the space of polyhedral chains with respect to 
its flat norm has not been characterized by a representation theorem. 
However, it is shown that to each Lipschitzian singular simplex cor- 
responds an element of this completion, defined as the limit of reason- 
ably inscribed polyhedral chains. It follows that Lipschitzian maps 
ind uce suitable homomorphisms of the spaces of cochains, and of the 
completed spaces of chains, with finite flat norm. 
Besides the "flat" theory described here, the author considers in 
detail a "sharp" theory dealing with cochains representable by Lip- 
schitzian differential forms. Among other related topics treated are 
measure theoretic represen tation theorems for certain types of chains. 
The first four chapters contain a very useful collection of classical 
material. Here the author gives an original geometric treatment of 
the basic properties of differential forms and their integration, of his 
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own theorem on the embedding of differentiable manifolds in Eu- 
clidean space, of the triangulation of differentiable manifolds, and 
of the theorem of de Rham. 
Throughout the book one finds numerous simple examples '\\
hich 
are most helpful in explaining the author's motivation. One may hope 
that his enthusiasm \vill continue and ,vill inspire further contribu- 
tions in this field. 


HERBERT FEDERER 


Handbuch der Physik, Band 1, 
fathematische }.,[ethoden 1. Ed. by 
S. Flügge. Springer, Berlin, 1956. vii+364 pp. D:\172. 
This is the first of the t,vo volumes of the encyclopedia of physics 
devoted to mathematical methods. The book starts with a 90 page 
section on analysis. This presents the principal definitions and theo- 
rems relating to calculus, ordinary differential equations, and the 
analysis of real and complex numbers. There is much exposition of 
prerequisite notions of algebra and trigonometry, as ,veIl as an ap- 
pendix on the Lebesgue integral. There folIo,,, t,vo sections of about 
30 pages each on partial differential equations and elliptic functions. 
Although all these were contributed by the same author, J. Lense, 
the t\\'o specialized sections contain an outline of the theory as well 
as a collection of statements. For example, the discussion of elliptic 
functions starts out from \Veierstrass's point of vie,v, and later leads 
into the results of Legendre and Jacobi. 
The section on special functions of some 70 pages was written by 
J. l\leixner. This deals principally with functions related to the hyper- 
geometric function and its limiting cases, and those related to 
l\lathieu functions. This section includes many indications of proofs, 
and the classification proceeds by general methods, including some 
of the ideas of Truesdell, rather than by individual functions. But 
cross references are given to facilitate the study of anyone class of 
function. 
The final section of some 140 pages \vas ,vritten by F. SchlögI. This 
begins by treating orthogonal functions, integral equations, and the 
calculus of variations. It then proceeds to the discussion of boundary 
value problems of partial differential equations as such. 
In this en tire volume there are some, but relatively fe\v, footnote 
references. Ho\vever each author has included a short bibliography 
of basic texts and a fe\v articles at the end of his contribution. These 
three lists have some items in common. 
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There is an index with English entries, as well as one with German 
entries. These also serve as short English-German and Gennan- 
English dictionaries of technical terms. 
The topics seem well selected for the purpose of applications to 
physics. And a surprisingly large amount of information is com- 
pressed into the allotted space. Though rarely suitable for the initial 
study of a mathematical subject, exposition on such a scale may be 
very useful to a reader seeking isolated items, or wishing to extend 
and refresh his knowledge. In fact, considering their space limitations, 
the authors have succeeded admirably in their purpose. 
PHILIP FRANKLIN 
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